Abstract -The analysis and design of current regulators for polyphase ac loads is presented using complex vector notation. The AC motor current regulation problem is analyzed by studying both the command tracking and disturbance rejection capability of the current regulator. The use of complex vector notation and the generalization of classical control tools like root locus, frequency response functions, and dynamic stiffness functions to complex vectors provide a way of comparing the performance of diflerent controller topologies. Limitations in the performance of the synchronous frame PI current regulator are outlined and several ways of improving its performance are suggested and investigated.
I. INTRODUCTION
The synchronous frame PI current regulator has become the standard for current regulation of polyphase ac machines due to its capability of regulating ac signals over a wide frequency range [1, 2] . In a reference frame synchronous with the fundamental excitation, the fundamental excitation becomes a dc quantity that is easily regulated to the desired value using a PI controller. Even though the performance characteristics of the synchronous reference frame PI current regulator may seem intuitive, the multiple-input/multiple-output nature of the system makes its performance evaluation difficult.
The representation of ac machines and the analysis of their current regulators can be approached using both scalar and complex vector notation [3] . Although both notations can be used to achieve the same final result, the model of the machine using each notation provides different insight into the control problem and some solutions can be more intuitively seen using one notation or the other.
The standard matrix or scalar notation does not easily lend itself to classical control tools, like root locus or frequency response functions, other than allowing the use of matrix algebra. The use of complex vector notation simplifies the model of an ac machine from a multiple-input/multiple-output system to an equivalent single-input/single-output complex vector system. The performance of this complex vector model can then be evaluated using generalized forms of classical control tools, like the root locus, frequency response function (FlZF) and dynamic stiffness function (DSF), namely the complex vector root locus, FRF and DSF.
Complex vectors are systematically used to study the performance of synchronous reference frame current regulators in this paper. Induction motor modeling is presented first. A complex vector based analysis of the command tracking and disturbance rejection capabilities for tDept. of Mechanical Engineering *Dept. of Electrical and Computer Engineering University of Wisconsin-Madison Madison, WI 53706 Tel: 608-262-0556 Fax: 608-265-2316 Email: degner@cae.wisc.edu , lorenz@engr.wisc.edu the different synchronous frame current regulators is shown to provide increased insight in the induction motor current regulation problem. From this analysis, several improvements are proposed.
11. INDUCTION MOTOR MODELING, CURRENT REGULATION, AND BACK-EMF DECOUPLING The nonlinear state equations governing the electrical and electromagnetic behavior of an induction motor using complex vector notation, with the stator current and the rotor flux as the state variables, are (1) and (2), [3] :
The superscript 'Is" denotes a stationary reference frame and p is the derivative operator.
From a control perspective it is useful to transform these equations to an excitation frequency synchronous reference frame. The transformation of a generic complex vector quantity, between the stationary and the synchronous reference frame, denoted by the superscript "e", is defined by (3) for the case of a single complex vector quantity and (4) for its derivative:
Applying (3) and (4) to (1) and (2), the complex vector equations of the induction motor in a synchronous reference frame (5) and (6) are obtained:
When using a voltage source inverter, controlling the stator current (see Fig. 1 ) simplifies the overall drive control scheme from both a torque control and inverter device protection perspective.
Synchronous frame current regulators have become the industry standard for inverter current regulation. They are preferred because all the electrical variables have dc steadystate values when viewed in a synchronous reference frame. This enables a simple PI regulator to provide zero steadystate error, independent of the synchronous frequency. In spite of this attractive property, the dynamic response of this type of current regulator is far from being ideal, showing a deterioration as the synchronom frequency increases. The dependency of the induction motor, (3, on the synchronous frequency is seen to come from a synchronous frame cross-. and from the electromechanical cross-coupling via the speed (= synchronous frequency) dependent back-emf voltage:
If these two terms are decoupled from (3, the dependence on the synchronous frequency (and rotor speed) disappears and the stator voltage equation becomes that of an RL load, enabling simple, fast, and accurate current regulation. When scalar instead of complex vector notation is used, the transformation of a generic complex vector quantity f from complex vector to scalar notation can be done by taking real and imaginary parts after substituting as shown in (9) [3]:
(9) Applying (9) to (5), and assuming (as commonly done for rotor flux field orientation) that the synchronous frame has been aligned with the rotor flux, (lo), the equivalent scalar nonlinear state equations (1 1) and (12) corresponding to the complex vector equation (5) It should be noted that the two rotor flux derivative terms have very distinct coefficients. One is nearly constant and one is linearly dependent on excitation frequency. Thus, the assumption is most valid for low excitation frequencies.
If the rotor flux dynamic terms can be safely neglected, then the resulting stator voltage equations may be viewed as approximate state equations for the stator current. The synchronous frequency cross-coupling now appears as in (15) and (16), which is of a very different form than (7) and (8):
If these two terms are decoupled from (13) and (14), respectively, and the rotor flux derivative terms can be safely neglected, then approximatelv decoupled control of the q and d-axis currents can be obtained. The resulting approximate stator voltage equation becomes that of an RL load, which is an approximation to the exact decouuling of (7) and (8).
Note that the resistance of the remaining RL load in (13) and (14) does not correspond to the resistance in (5) once decoupling has been carried out.
Exact decoupling of (7) and (8) can be viewed as addressing two separate cross-coupling issues.
It is instructive to first understand that the cross-coupling in (7) results solely from the synchronous frame transform. This can be demonstrated via (17) and (18), which represent a three-phase, symmetric I U load in stationary and the synchronous reference frame, respectively: It is seen that by transforming an RL load to the synchronous reference frame an identical cross-coupling term to that present in the induction motor, (7), is created. This term, therefore, is a characteristic of RL loads when transformed, and not of the induction motor, in particular.
Because the cross-coupling can be expressed as -j we, appropriately formed decoupling of (7) requires no parameters and can be performed exactly.
In contrast to this, the cross-coupling represented by (8) is the effect of back-emf, i.e., rotor flux and rotor velocity, on the stator current. This electromechanical cross-coupling could be viewed as a disturbance if the induction motor were modeled as an RL load. From a control systems perspective however, if approximate decoupling of this electromechanical cross-coupling can be achieved, the overall system dynamics are improved and current regulator properties will be nearly speed invariant. Because the approximate decoupling solution is less insightful in its terms and is also limited to low excitation frequencies (and/or constant rotor flux) it is considered less attractive than the exact decoupling solution as a global current regulation strategy. Therefore, using (3, or the equivalent scalar notation (11) and (12), to approach the induction motor current regulation problem is considered more appropriate and is used for the remainder of this work.
The different nature and source of the cross-coupling in (7) and (8) suggest that they be considered separately in the controller design. This is done in the following sections. The performance of the classical synchronous frame PI current regulator was analyzed by applying it to a 3-phase F U load with the parameters shown in Table 1 .
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The current regulator was tuned by selecting a controller zero approximately equal to the break frequency of the RL load, i.e., K#Kp = R/L. The controller gain was selected to achieve a relatively low bandwidth of 200 Hz so that systematic transient errors would be more easily observed.
An overlay of the commanded and experimental system response for a magnitude and a phase step, with constant input synchronous frequencies of 50 and 200 Hz, is shown in Fig. 3 . Serious degradation in the transient performance is apparent as the synchronous frequency increases. The complex vector root locus can also be plotted, as shown in Fig. 4 for three different synchronous frequencies. The complex vector root locus, as the scalar root locus, follows the magnitude and angle conditions. Nevertheless, because the inputs and outputs are no longer real numbers but complex vectors, and it is possible to get complex, asymmetric poles and zeroes, i.e., the root locus does not have to be symmetric with respect to the real axis. The root locus was obtained using the standard root locus functions in the Matlab controls systems toolbox.
From Fig. 4 it is seen that at low frequencies the controller zero approximately cancels the plant pole. This allows the response of the system to be dominated by the faster closed loop pole, placed at the desired 200 Hz bandwidth. For higher synchronous frequencies the controller zero interacts more with the pole added by the controller. The resulting slower root moves progressively closer to the imaginary axis away from the zero, with increasing overshoot expected. The complex vector transfer function describing the system is given by (1 9):
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The complex vector FRF, shown in Fig. 5 , can be calculated from this transfer function. The asymmetric root locus about the real axis gives rise to an FRF asymmetric for positive and negative frequencies. It is noted that all of the FRF's shown in Fig. 5 have a unity gain and zero phase shift at the synchronous frequency. However, at frequencies away from the synchronous frequency there is significant distortion in the FRF.
cross-coupling caused by the term jm& in (18). The block diagram of the cross-coupling decoupling form of the synchronous frame PI current regulator is in Fig. 6 [4,5] . The effect of the cross-coupling decoupling is to move the pole of the plant from -R/L-jo, to -R/L in the synchronous reference frame, which makes it possible to directly cancel it using the real zero added by the controller. The resulting complex vector root locus for the cross-coupling decoupling synchronous frame PI current regulator is shown in Fig. 7 for three different synchronous frequencies. It is important to understand the meaning of the FRF at frequencies other than the synchronous frequency. The synchronous frequency is the steady-state fundamental component. Both disturbances and changes in the command trajectory simultaneously excite the system with a wide range of frequency content. The FRF shows how the system responds to the frequency content that is not at the synchronous frequency.
From this analysis, the time response in Fig. 3 can be explained. Even though the commanded synchronous frequency remained constant, magnitude and phase steps in the commanded current introduced transient content at frequencies centered on the synchronous frequency. Thus, the transient response of the current regulator depends on its capability to regulate beyond the synchronous frequency.
Iv. IMPROVED CURRENT REGULATOR DESIGN BY
DECOUPLING OF SYNCHRONOUS FRAME CROSS-COUPLING
An ideal synchronous reference frame current regulator would have a time response independent of the synchronous frequency when viewed in the synchronous reference frame. Such a regulator would have a complex vector FRF with a shape that does not vary with the synchronous frequency. Instead, the center of the FRF shape would just shift so that it is always symmetric about the synchronous frequency. To achieve this will require decoupling the effect of the synchronous frequency cross-coupling. There are two possibilities for decoupling: a) state feedback decoupling and b) symmetric cross-coupling.
A. Synchronous Frame PI Current Regulator with Cross-

Coupling Decoupling via State Feedback
One way of modifying the synchronous frame PI current regulator to achieve the desired response is to decouple the 
re& (Hz)
It should be noted by removing the plant cross-coupling in the synchronous frame, the system in the stationary frame will now be cross-coupled. This is because cross-coupling occurs with the inverse transform of an uncoupled synchronous frame system to the stationary frame. Thus, in the stationary frame root locus the controller zero appears to move with the plant pole and both are tied to the synchronous frequency.
B. Complex Vector Synchronous Frame PI Current Regulator with Symmetric Cross-Coupling
Instead of moving the pole of the plant to the location of the controller zero, the controller zero can be moved to the location of the plant pole by modifying the controller structure as shown in Fig. 8 to symmetrically cross-couple the controller with the synchronous frequency term [4, 61. This form of the synchronous frame PI current regulator is called the complex vector, synchronous frame PI current regulator This design is directly analogous to the classical control pole/zero cancellation methodology, with the only difference being the use of complex vectors allows the placement of the controller zero off of the real axis. The resulting complex vector root locus is shown in Fig. 9 for three different synchronous frequencies. It should be noted by symmetrically cross-coupling the controller (and the plant) in the synchronous frame, both the controller and the plant will be decoupled in the stationary frame. Thus, in the stationary frame root locus the controller zero appears fixed with the plant pole and neither are tied to the synchronousli-equency . It should further be noted that the symmetric crosscoupling has no physical parameters, which is consistent with the fact that the origin of this cross-coupling is solely from the synchronous frame transform.
If the parameter estimates are correct, and both modified current regulators have the same controller PI gains, the complex vector FRF's for the two current regulators are identical and shown in Fig. 10 [4] . The shape of the complex vector FRF is independent of the synchronous frequency and symmetric with respect to it. Fig.  11 shows the step response for the complex vector synchronous frame PI current regulator. (The cross-coupling decoupling controller has nearly identical characteristics and thus is not shown). The time response is seen now to correspond to the tuned bandwidth independent of the synchronous frequency. In this case the back-emf would be a disturbance to the system that would need to be compensated for by the current regulator. This suggests that a study of the disturbance rejection capability of the different current regulator designs by mean of the DSF generalized to complex vectors will provide increased insights in analyzing the effect of back-emf.
Substituting the "Current Regulator" block in Fig. 12 with the different current regulators transfer functions, the following complex vector DSF's, i.e. disturbance vs. output transfer functions, are obtained for the classical (20), crosscoupling decoupling (21), and complex vector (22) current regulators. Separating the physical parameters instead of the usual pole-zero representation was considered to provide more insight. Ki 'qd It is noted that the dynamic stiffness has units of impedance where, in this case, high impedance with respect to the backemf "disturbance" voltage would be preferred.
These functions are represented in Fig. 13 (only magnitudes are shown). As was the case for the complex vector FRF, the disturbance input is not a sinusoidal signal, but a rotating vector, and because positive and negative frequencies are needed, a linear scale has to be used for the frequency axis. For s=jwe, i.e. the disturbance voltage vector rotating at the synchronous frequency, all the three current regulator designs provide infinite dynamic stiffness, therefore the current regulation is not affected by the disturbance input, which agrees with the zero steady-state error property. At frequencies other than the synchronous frequency, the DSF shows how much the current regulation will be affected. The minimum in each curve shows the frequency for which the current regulator will be weakest (lowest impedance), and how weak it will be. By comparing the three DSF's one can conclude:
For we= 0 (dc excitation), all three regulators behave the same. With correct parameter estimates, the cross-coupling decoupling DSF remains invariant with the synchronous frequency. * The classical design DSF moves its minimum magnitude frequency closer to the synchronous frequency as the synchronous frequency increases, which could result in low frequency oscillations when viewed in a synchronous reference frame. As the synchronous frequency increases, the complex vector design shows a reduced dynamic stiffness at low frequencies, but presents an increased dynamic stiffness at frequencies near the synchronous frequency. For this DSF analysis to become meaningful for the induction motor it is necessary to determine which region of the spectrum will be excited by disturbances such as back-emf.
VI. EFFECT OF THE BACK-EMF ON THE STATOR CURRENT
Rewriting (8) as shown in (23), the disturbance due to the back-emf on the stator current is seen to depend on the rotor flux and the rotor speed:
For rotor flux oriented drives where efficiency and thermal limits are not important factors, it is not uncommon to keep the rotor flux constant below rated speed. This causes 4 Dqd to vary proportional to the rotor speed, which means that it is very dependent on the inertia and acceleration properties of the motor and load. For modern servo drives these dynamics are often as fast as the electrical dynamics and play a significant role in the system dynamics.
The rotor flux can also vary dynamically due to estimation errors since rotor flux is often regulated by feedback from flux observers. Though the dynamic analysis of the different flux observer designs is beyond the scope of this paper [lo, 111, a brief study for the case of a current model based flux observer is presented. The transfer function for the current model based flux observer as shown in (24) is obtained from (6), with zr denoting the rotor time constant and os= we-w, the slip: Fig. 14 shows a simulation of a rated q-axis current step with a rotor speed equal to three times the rated speed, infinite inertia, and a 10% underestimation in the flux observer inductance. The d-axis is aligned with the estimated rotor flux at -90" according to (10). Fast current regulators will keep the estimated rotor flux magnitude constant and equal to the commanded value, but variations both in the magnitude and the phase of the actual flux are observed. The steady-state error of such flux observers is known to depend on the slip [lo] , while its dynamics when the slip changes are deduced from (24) to oscillate at the slip frequency and damped with the rotor time constant, as seen in Fig. 14b [ 1 11 .
It can be concluded that when errors in the parameters exist, the estimated and actual flux will also have errors between them. Because of this the dynamic stiffness near the synchronous frequency will determine the expected performance for the different current regulator designs with respect to the flux induced back-emf dynamics. The dynamic stiffness in the baseband region, on the other hand, is dominated by the mechanical dynamics of the motor and load.
Since the load is unknown, this region should be made as stiff as possible to best reject real disturbances. This results in the following conclusions about the DSF of the three current regulator topologies.
The classical synchronous frame PI current regulator shows reduced dynamic stiffness near the synchronous frequency as the synchronous frequency increases, which makes it more sensitive to rotor flux disturbances. It also has modest dynamic stiffness in the baseband region as needed to minimize the effects of the mechanical dynamics. The cross-coupling decoupling design keeps invariant its dynamic stiffness function. The influence of the rotor flux on the stator current regulation is independent of the synchronous frequency. This design has the best baseband dynamic stiffness of-the three designs. The complex vector design shows an increased dynamic stiffness at frequencies near the synchronous frequency as the synchronous frequency increases, which suggests that it should not be affected by the rotor flux. On the other hand, this controller, as configured, has the lowest dynamic stiffness in the baseband region. VIII. IMPROVING THE BASEBAND DYNAMIC STIFFNESS OF COMPLEX VECTOR SYNCHRONOUS FRAME PI REGULATORS Despite the relatively good command tracking performance of the complex vector synchronous PI current regulator in comparison to the classical design, its low stiffness near dc (baseband) would not be tolerable. Increasing the bandwidth, i.e. K , for any of the current regulator designs increases their dynamic stiffness. It should be noted that for the classical and cross-coupling decoupling designs the dynamic stiffness For the case of the complex vector design, it is seen from (22) that the gain Kp provides maximum dynamic stiffness near the synchronous frequency, but reduced dynamic stiffness near dc. Its dynamic stiffness at frequencies near dc is provided entirely by the physical resistance in the system.
Modifying the complex vector current regulator design as shown in Fig. 16 can increase its baseband dynamic stiffness. With this design the DSF in (25) is obtained, which is represented in Fig. 17 . It is noted that the gain Rds has the same effect in (25) as the gain Kp had in (20) and (21) .
It can be demonstrated that if the zero of the regulator is calculated according to (26), the command tracking properties of the modified regulator remain unchanged, i.e., the gain Kp is the same, the FRF (and therefore the bandwidth) remaining as shown in Fig. 10 . One conclusion that might be reached is that increasing Rds can increase the dc dynamic stiffness without limit. This would be incorrect from at least two perspectives. From one perspective it can be seen that Rds acts as an increased loop gain. Thus, the actual root for the innermost loop is much higher than the command bandwidth. This inner bandwidth is inherently limited by switching frequency and by quantization noise on the current signal. From a second perspective, it can be noted that as this Rds gain increases the pole-zero cancellation according to (26) moves left on the complex plane, toward higher frequencies, making it more scnsitive to noise. Nevertheless, for the 200 Hz command bandwidth, values for Rds as high as ten times the stator transient resistance were implemented experimentally without any noticeable deterioration in the response due to noise.
IX. CONCLUSIONS
This paper has attempted to make two contributions: 1) development of complex vector methods for current regulator design and analysis, and 2) a comparison of current regulator performance using the developed analysis tools.
From the paper's theoretical and experimental results several important conclusions can be reached:
The performance of induction motor synchronous frame current regulators is affected by the synchronous frequency through two distinct ways: the cross-coupling intrinsic to the transformation of l U loads to a rotating reference frame and the electro-mechanical cross-coupling due to back-emf. The command tracking performance of the classical synchronous frame PI current regulator degrades as the synchronous frequency approaches the current regulator bandwidth. This regulator design has also been shown to have an increased sensitivity to back-emf. The cross-coupling decoupling and complex vector synchronous frame PI designs provide, even with incorrect parameters, improved command tracking properties. The reduced parameter sensitivity for command tracking and increased dynamic stiffness near the synchronous frequency of the complex vector current regulator make it a viable option for current regulation at high synchronous frequencies. Its degraded dynamic stiffness at low frequencies can be overcome by addition of appropriate state feedback with active resistance properties. The additional computational requirements of the improved synchronous frame current regulators are minimal.
